Introduction
Subdivision schemes have been a powerful tool for a number of applications in 3D surface modeling and in computer graphics, because of their flexibility and multiresolution structure. As the construction of smooth interpolating surfaces is becoming increasingly important in various graphics applications including scientific visualization and data modeling, it is necessary to design some subdivision schemes that generate smooth interpolating surfaces at a low cost.
There are two principal categories of techniques for defining an interpolatory scheme. The first is to construct specific masks which guarantee that after each subdivision step, the refined mesh will contain all the vertices in the original mesh. As a consequence, the limit surface will contain the original mesh. Such schemes include Butterfly scheme [4] , Kobbelt scheme [6] , etc. However, those schemes are sensitive to irregularity in the given mesh and the quality of the surfaces generated by them is hardly comparable to the best approximating schemes. It is those reasons that limit their attractiveness for modeling applications.
The other approach to generate interpolating surfaces is to start with an approximating subdivision scheme and modify the coordinates of the vertices in the given mesh in such a way that the subdivision surface of the modified mesh interpolates the vertices of the original mesh. Several methods have been proposed to embody this approach. Nasri [8] reported a scheme that is capable of interpolating points on irregular meshes as well as normal vectors given at the points. Halstead et al. [5] proposed a method that modifies the coordinates of the vertices in the original mesh by solving a global linear system built with fairness constraints. An advantage of those methods is that the methods are global, meaning that the generated surfaces resemble the original meshes well. However, one drawback of them is that they necessitate solving a global system of linear equations, which may be an expensive process for complicated meshes. Also, there appears to be no results concerning the solvability of this system of equations.
Some methods have been designed to eliminate the need of solving a system of linear equations. Based on the method of quasi-interpolation, Litke et al. [7] proposed an algorithm that does not require the solution of linear systems. More recently, Zheng et al. [10] presented a twophrase process to construct a smooth surface that interpolates some or all vertices of a mesh with arbitrary topology. However, a method that has the advantages of both a local method and a global method is yet unavailable. This paper introduces a scheme designed for the task of interpolating the vertices of a given quadrilateral mesh with arbitrary topology. The proposed scheme falls into the second category mentioned above and is based on the famous Catmull-Clark [1] subdivision scheme. The scheme repeatedly modify the coordinates of the vertices in the given mesh until it converges to a mesh whose limit surface interpolates the given mesh. The convergence of the scheme will also be proved. Since the limit of the process has the form of a global method and the modification of vertex coordinates is done by an local approach, this scheme has the advantages of both a global method and a local method. In the following sections we first describe Catmull-Clark subdivision scheme and then present the details of our method and give some implementation results.
Catmull-Clark subdivision scheme
Catmull-Clark subdivision scheme is defined over closed nets of arbitrary topology, as an extension of the tensor product bi-cubic B-spline subdivision scheme. The surfaces generated by the scheme are C 2 everywhere except at a finite number of irregular points, where they are C 1 . The way Catmull-Clark subdivision scheme splits faces is shown in Fig.1 . Each face is split into k subfaces, where k is number of vertices in the face. Since we employ a result from Halstead et al. [5] , we mainly follow their way to describe Catmull-Clark subdivision scheme. LetM 0 denote the initial mesh and let M i denote the mesh generated after i steps of CatmullClark subdivision. As shown in Fig.2 
where subscripts are to be taken modulo n. Finally a new vertex point v i+1 is calculated as
where n is the valence of v i . According to Halstead et al. [5] , a point v 0 ofM 0 converges to the point
on the limit surface, if each face ofM 0 is quadrilateral. Otherwise a step of subdivision needs to be done onM 0 and then the same result can be obtained onM 1 .
Mesh interpolation by Catmull-Clark subdivision surfaces
Given a quadrilateral meshN = (V, E) consisting of a set of vertices V and a set of edges E, the basic idea here is to start with the original meshM 0 =N and progressively modify it to generate a control meshM such that the Catmull-Clark subdivision surface it defines interpolates all the vertices in V . First of all the progressive method we employ to modify the mesh is introduced in 3.1, and then the convergence of the interpolation process is discussed in 3.2.
Interpolation process

Denote thatM
k is the mesh we get from the original mesh after k steps of modification. 
Then we modify v k by adding d k to it and get v k+1 by
After modifying each vertex inM k , we get a new set of verticesM k+1 . By repeating the above process, we can get a sequence of meshesM k (k = 1, 2...). It is proven in the later subsection that as k tends to infinityM k converges toM whose subdivision surface interpolates all the vertices in the given meshN .
Convergence analysis
The key to proving the convergence ofM k is to show that when k tends to infinity, d k converges to zero. First of all, from Eq. (4) we can see that at the (k + 1)st step the difference d k+1 can be written as follows,
Then by applying Eq.(3) to v k+1 ∞ , we have
And then we apply Eq. (5) , and get
where
Denote l as the number of vertices in the given mesh. We can write the above equation in matrix form, 
(8) Here, I is an identity matrix and M is a matrix in the following form:
. . .
n1(n1+5)
where n i is the valence of the i-th vertex. For the i-th row of M , there are n i elements that equal 4 ni(ni+5) and another n i elements that equal 1 ni(ni+5) , respectively corresponding to the edge points and face points surrounding the i-th vertex. Elements corresponding to the vertices that are not on the 1-ring of the ith vertex all equal zero.
Then the key to proving the convergence of the scheme now turns to proving that absolute value of the eigenvalues of the matrix (I − M ) are all less than 1.
For our purposes we need to introduce the following lemma and the proof of it is stated in Appendix A.
Lemma 1: Eigenvalues of the product of two positive definite matrices are positive.
We then decompose the matrix M into A and B M = AB,
Obviously, matrix A is diagonal and all elements on the diagonal line are positive, thus it is positive definite. As for the symmetric matrix B, we can prove that it is positive definite as well (see Appendix B for the proof). Based on Lemma 1, we can make the following conclusion: Following the above proposition, we are able to prove that the sequence of meshes generated by our scheme converges a mesh whose Catmull-Clark subdivision surface interpolates the given mesh. In addition, given a specific tolerance of the distance between the given mesh and the mesh generated by the proposed scheme, we can directly calculate how many steps of modification are needed and ignore the testing steps in between. The number of needed steps, namely k, can be calculated as follows:
where . denotes the norm and ε is the given tolerance. Fig.3 is a simple example showing the result of the interpolating process. The original mesh and the interpolating mesh are shown on the top left and the top right, respectively. Below each mesh is the corresponding CatmullClark subdivision surface. The interpolating mesh here is generated after 5 steps of modification. As we can see, the surface generated by the proposed scheme faithfully resembles the shape of the original mesh. More examples of the application of the proposed scheme are shown in Fig.4 . The original meshes are shown on left column and the surfaces generated by the proposed scheme are on the right column. For the model on the top, middle and bottom, the number of the modification step needed to generate the control mesh of the interpolating surface is 10, 5 and 4, respectively. From these examples, we can see that the scheme is able to handle large meshes and only a small number of modification steps are needed, because of the exponential convergence rate of the progressive process. In addition, even though the convergence of the scheme can not be proved when it is applied to hexahedrons (as mentioned in Appendix B), the surface generated from the model on the top is visually acceptable. 
Examples
Conclusions
We have presented a scheme for constructing CatmullClark subdivision surfaces that interpolate the vertices of a given mesh with arbitrary topology. The scheme is to progressively modify the mesh into a new control mesh whose limit surface interpolates the given mesh. The convergence of the proposed scheme is proved. The vertices of the new control mesh is obtained by a local approach, thus the scheme takes the advantages of a local scheme. Furthermore, the limit of the interpolating process has the form of a global method, so the proposed scheme also has the advantages of a global scheme. The implementation results show that the scheme generates surfaces that resemble the shape of the original meshes well.
